Abstract-In this paper the concept of sliding mode is introduced in the design of functional observers. Conditions for the existence of the observer are given. How to design the observer parameters are also shown. Under special circumstances the sliding mode functional observer proposed in this paper reduces to the Utkin state observer.
I. INTRODUCTION
Sliding mode functional observers estimate linear functions of the state vector of a system without estimating all the individual states while ensuring that sliding occur on a manifold where some function of the output prediction error is zero. Such functional estimates of the state vector are useful in feedback control system design because the control signal is often a linear combination of the states, and it is possible to utilize a sliding mode linear functional observer to directly estimate the feedback control signal. Although the theory for sliding mode State observers (also referred to as Utkin observers) are well established for linear systems [1] - [6] , the concept of sliding mode linear functional observers has not yet been reported. In this paper we introduce the concept of sliding mode to functional observers.
A key feature in the Utkin observer is the introduction of a switching function in the observer to achieve a sliding mode and also stable error dynamics. This sliding mode characteristic which is a consequence of the switching function is claimed to result in superb system performance which includes insensitivity to parameter variations, and complete rejection of disturbances [1] . Similar to the Utkin observer, the sliding mode functional observer also utilizes a switching function in its design and invariably will inherit the benefits of insensitivity to parameter variations and noise rejection as reported for the Utkin observer. Furthermore, sliding mode functional observers will also have lower order which is a characteristic of functional observers [7] - [13] . In this paper while presenting the theory of sliding mode functional observers, we also show that under special circumstances the proposed observer structure reduces to the Utkin sliding mode state observer.
The paper is organized as follows: Section II provides a statement of the problem. In Section III, the main results of the paper are presented. A numerical example is presented in Section IV and finally a conclusion is given in Section V.
II. PROBLEM STATEMENT
Consider a linear time-invariant system described bẏ
where x(t) ∈ R n ,u(t) ∈ R m and y(t) ∈ R p are the state, input and the output vectors, respectively. z(t) ∈ R r is the vector to be estimated. The pair
r×n are known constant matrices. Without loss of generality, it is assumed that rank(C) = p, rank(L) = r, rank L C = r −r + p,r ≤ r and C takes the form C = I p 0 (otherwise the system can always be transformed into this form).
Consider the following sliding mode linear functional observeṙ
where w(t) ∈ R r , M ∈ Rr ×r , Γ ∈ R r×r , sgn(·) is the sign function and also the sliding surface is given by
In view of the dimension of matrix M , the error vector e(t) can be written as
where e y (t) ∈ Rr and e 1 (t) ∈ R r−r . The problem to be solved in this paper is to design a sliding mode linear functional observer of the form (4)- (6) where N, J, H, E, M and Γ are to be determined such that e(t) slide along the surface Me(t) = 0 and e 1 (t) → 0 as t → ∞.
III. EXISTENCE CONDITIONS OF THE OBSERVER
To define the sliding surface for the functional observer let us first partition matrix L as follows
where L 1 belong to the rowspace of C. Since L 1 belong to the rowspace of C, there always exist a full row rank matrix G ∈ Rr ×p ,r ≤ r such that
and G according to (10) , then the sliding surface (7) is
Using (1)- (6) and (12) the error dynamics of the observer can be written as followṡ
where P = L − EC. Considering the partitioning of e(t) in (8) , matrix N can be partitioned as follows
If we now choose Γ = Γ 1 0 (r−r)×r , Γ 1 ∈ Rr ×r then the error dynamics (13) can be rewritten as
The existence conditions of the observer (4)-(6) are given in the following Theorem.
Theorem: e 1 (t) → 0 as t → ∞ and also e(t) slide along the surface Me(t) = 0, t ≥ t s where t s ≤
, and u(t) if the following conditions are satisfied:
Proof : If conditions (17) and (18) are satisfied then the error dynamics (15) of the observer is given bẏ e y (t)=N 11 e y (t) + N 12 e 1 (t) + Γ 1 sgn(e y (t)) (20a) e 1 (t)=N 21 e y (t) + N 22 e 1 (t)
If (19) is satisfied then an ideal sliding motion will take place on the surface
It follows that after some finite time t s , for all subsequent time, e y (t) = 0 [6] . The dynamics of e 1 (t) then reduces tȯ
If (16) is satisfied then e 1 (t) → 0 as t → ∞. Considering the partitioning of e(t) in (8), matrices P, J and E can be partitioned as
. Using the definition of P = L − EC, the partitioned matrices P 1 and P 2 can be written as
Furthermore, equation (17) can be rewritten as
Let L + denote the Moore-Penrose generalized inverse of L. Equation (24a) is equivalent to
is a full row rank matrix. Let us now partition L + as follows
where M 1 ∈ R n×r and M 2 ∈ R n×(r−r) . Using (23a), (23b) and (26), equation (25) leads to
where
Adopting the same procedure as in [13] , it can be shown that equation (27c) can always be solved for E 1 and K 1 because
) and the general solution is given by
where Z 1 is any arbitrary matrix of appropriate dimension. Using (32) in (27a) and (27b), the following can be written
As with (24a), we can adopt the same procedure starting from equation (24b). Equation (24b) is equivalent to 
In [13] , it is shown that equations (36c) can be solved for E 2 and K 2 if and only if
and the general solution is given by
where Z 2 is any arbitrary matrix of appropriate dimension. Using (39) in (36a) and (36b), the following can be written
The matrix N 22 can be made Hurwitz if and only if the pair (F 22 , G 2 ) is detectable. In the following we present the design algorithm for the sliding mode functional observer.
Design Algorithm
2) Check if condition (38) is satisfied, if yes continue, otherwise a sliding mode functional observer doesn't exist. 3) Compute F 22 using (41b), G 2 using (34d) and check if the pair (F 22 , G 2 ) is detectable. If yes continue, otherwise N 22 cannot be made Hurwitz and consequently a stable sliding mode functional observer doesn't exist. 4) Using (40b) and any pole placement method obtain Z 2 to make N 22 Hurwitz. 5) Use (41a) to compute F 21 , compute G 1 using (34c) and then use (40a) to compute N 21 . 6) Choose any Z 1 and use (33a) and (33b) to compute N 11 and N 12 respectively. 7) Use (32) and (39) to compute E 1 , K 1 , E 2 and K 2 . 8) Use (28) and (37) to compute J 1 and J 2 respectively. 9) Compute P 1 and P 2 using (23a) and (23b) respectively. 10) Compute H according to (18). 11) Use any standard sliding mode technique [6] , [14] to obtain Γ 1 to make the error dynamics of (20a) stable. The structure of the sliding mode observer proposed in this paper is more general than the Utkin observer [1] , if we choose the specific case when L = I n then the observer proposed in this paper reduces to the Utkin observer as detailed below. If
(t) andẑ(t) =x(t) wherex(t) is an estimate of x(t). From (9) it follows that
and from (11)
Using (10), (43) and (45), the sliding surface (12) can be written as
Me(t) = Gy(t)−Mẑ(t) = Gy(t)−GCẑ(t) = G(y(t)−Cx(t)) = 0
(46) Since G in this case is a non-singular square matrix, the sliding surface can be rewritten as
which is in fact the sliding surface for the Utkin observer. Furthermore, if L = I n then the following can be deduced:
The observer matrix N then reduces to
Since Z 1 is any arbitrary matrix it can be chosen as Z 1 = 0. Furthermore, Z 2 can be chosen as Z 2 = 0 Z 22 . Matrix N can then be written as
The other observer parameters J, E and H reduces to
Clearly the observer structure proposed this paper reduces to the Utkin observer when L = I n .
IV. NUMERICAL EXAMPLE
Let us consider a 9 th -order system with the system matrices A, B and C given below
and C = and the sliding surface according to (12) is given below
It is easy to verify that condition (38) is satisfied. Now matrix F 22 and G 2 can be obtained according to (41b) and (34d) and is given below The choice of Z 1 is arbitrary and we choose
We can now compute N 11 and N 12 using (33a) and (33b) as follows where e y (t) ∈ R and e 1 (t) ∈ R 2 . For Γ 1 = −1, sliding occur on the plane e y (t) = 0. Here it is also noted that while N 22 is Hurwitz, but N is not Hurwitz. Matrix N has eigenvalues at {1.2732, −1.4360 ± 0.7372i}, yet a stable error response is achieved by the switching function in the sliding mode observer.
V. CONCLUSION
In this paper conditions for the existence of a sliding mode linear functional observer are given. When the existence conditions are satisfied, how to find the observer parameters are given. We have also shown that the proposed observer structure is more general than the Utkin observer.
